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Abstract 


Plastic  deformations  of  supported  beams  under  dynamic 
loading  are  determined  under  the  assumption  of  negligible 
elastic  strains.  Particularly  simple  solutions  are  in 
several  cases  obtained  when  the  load- time  curve  is  of  a 
class  defined  in  the  paper  which  includes  typical  blast 
pressure  curves  and  rectanguDar  pulses  as  simple  examples. 


1,  Introduction 

This  paper  treats  some  fundamental  problems  of  structures 
subjected  to  strong  dynamic  loading,  namely  those  of  a simply 
supported  or  built-in  uniform  beam  loaded  by  a imiform  pressure 
or  by  a concentrated  central  force  which  is  a specified  function 
of  time.  The  m.otion  of  an  elastic  beam  under  such  conditions 
can  be  found  v:ithout  difficulty  by  standard  beam  vibration  theory, 
Kow’ever,  if  the  load  reaches  high  enough  magnitudes  to  stress 
the  beam  beyond  its  elastic  limit,  a complete  analysis  becomes 
very  much  more  difficult  even  when  the  post-elastic  behavior  is 
assumec  to  be  of  the  simplest  "ideally-plastic"  type.  In  the 
present  paper  relatively  sim.ple  solutions  for  the  plastic  deform- 
ations are  obtained  by  making  the  further  basic  assumption  that 
elastic  deformations  are  negligible  compared  to  plastic  ones, 
and  retaining  the  assumption  of  ideally  plastic  behavior, 

* The  results  presented  in  this  paper  were  obtained  in  the  course 
of  research  sponsored  by  the  Office  of  Naval  Research  under 
Contract  N7onr-35801  with  Brown  University. 
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This  type  of  an^ilysis  is  expected  to  be  valid  for  ductile 
metals  when  the  plastic  deformations  are  -nuch  larger  than  the 
elastic  ones.  The  beam  is  assumed  to  obey  a '’rigid-ldeally- 
plastic"  type  of  moment-curvature  relation  according  to  which 
no  deformation  occurs  if  the  bending  moment  is  less  in  magnitude 
than  the  limit  moment  corresponding  to  full  plasticity  over 

the  cross-section;  but  while  the  irom^ent  has  the  value  + M in- 
defin'^tely  large  changes  of  curvature  can  occur  at  constant 
m.cm.ent.  This  corresponds  to  formation  of  a '’pi’.astic  hinge”  where 
discontinuities  in  slope  angle  can  occur.  The  concept  of  plastic 
hinge  action  has  been  applied  in  various  problemis  of  dynamic  load- 
ing  of  beams  [1-6  ] and  of  impact  of  beams  [ 7jS  J • A criterion 
was  discussed  in  earlier  papers  [ 1,8  ] for  the  validity  cf  the 
results,  based  on  the  hypothesis  that  the  plastic-rigid  method 
is  suitable  when  the  total  energy  absorbed  sufficiently  exceeds 
the  maximum  elastic  strain  energy  that  can  be  stored  in  the  beam. 
Forms  of  this  criterion  appropriate  in  the  present  problems  are 
given  in  this  paper. 

We  discuss  the  following  four  problems  in  this  paper  (Fig. 

1 (a) ) : 

Case  It  r.ir'ply  supported  beam  with  uniformly  distributed 
load; 

Case  II:  Euilt-ln  beam  with  unformly  distributed  load; 

Case  III:  Simply  supported  beam  with  concentrated  load  at 

mid-point; 

Case  IV:  Built-in  beam  with  concentrated  load  at  m.id-polnt. 


* Numbers  in  brackets  refer  to  the  Bibliography 
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In  all  cases  the  main  principles  of  the  solution  are  the 
same,  Hoi-/ever,  the  details  differ  considerably  in  different  cases. 
Thus  a numerical  integration  (either  or  a second  order  differ- 
ential equation  or  of  a system  of  first  order  equations)  is 
generally  required  to  solve  case  III,  for  which  the  analysis 
resembles  those  given  in  [2],  [8],  However  complete  solutions 
for  cases  I,  II  and  IV  can  be  written  in  terms  of  simple  definite 
integrals  involving  the  load-tim.e  f-unctlon:  this  is  true  regard- 
less of  the  magnitude  of  the  load  provided  the  load-timie  function 
P(t)  is  one  such  that  the  total  Impulse  up  to  any  time  t is  at 
least  as  great  as  the  product  tP(t)  of  the  instantaneous  time 
and  load  values.  Thus  simple  solutions  are  found  for  cases  I, 

II,  IV  under  the  assumption 

pt 

J P dt  > tP(t)  (1) 


The  simplest  e::amiples  of  load  functions  wiiich  satisf;,  this  rela- 
tion are  those  in  which  P starts  at  its  maximum  value  at  t = 0 
and  then  steadily  decreases,  (Fig,  1),  Thus  the  simple  analysis 
applies  to  loading  curves  which  resemble  typical  blast  pressure 
waves  except  that  the  actual  rapid  rise  to  a maximi’m  is  assumed 
to  take  place  instantaneously.  For  convenience  the  class  of  P(t) 


functions  satisfving  the  rihove  V, -.-■•oi ' 


this  paper  simply  as  "blast  type"  loads. 

Rectangiilar  pulses  are  included  in  this  category.  The 
solutions  for  these  involve  the  simplest  arithmetic  of  all  pulse 
forms,  and  are  useful  because  it  is  found  empirically  that  they 
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give  good  estimates  (on  the  high  side)  of  the  deformations  v/hich 
would  be  produced  by  a pulse  of  any  shape  but  with  the  same  niaxi- 
mum  load  value  and  the  same  total  impulse.  Comparisons  between 
results  for  rectangular,  trlangiilar  and  exponential  pulses  are 
given  in  the  paper  to  exemplify  this. 

In  all  cases  several  different  types  of  deformation  nay 
occur.  For  example,  a simply-supported  beam  v;ith  distributed 
load  might  plastic  hinge  at  the  mid-point,  the 

two  halves  rotating  as  rigid  b^rc  ^ This  is  the  configuration 
in  which  vcuasi-static  dc-formotior,  would  occur  with  the  load  at 
the  statical  collpase  or  "limit  load"  magnitude;  hence  it  v’ould 
be  expo; tad  Ih^t  for  load  intensities  somevha-!-  above  the  static 
eo.^  '.apse  value  the  deformations  v/ould  occur  in  this  configuration. 
However,  other  types  of  configuration  may  occur  in  the  course  of 
a given  load  pu3.se.  The  configuraflor  which  a beam  assumes  at  a 
given  instant  depends  both  on  the  instantaneous  load  magnitude 
and  on  the  prior  loading  history. 

The  first  step  in  attacking  a problem  is  to  assume  a de- 
formation configuration.  This  involves  assu.ming  pos3ti..;nr.  of 
plastic  hinges  which  divide  v<p  the  beam  a number  of  segments. 

In  each  segment  the  bending  moment  is  assumed  either  to  be  l.ss 
than  I'o  in  ruat^niLude  every wiiure  or  zo  oe  equal  to  +Mq  at  all 
points.  In  the  former  case  the  segment  moves  as  a rigid  bar, 
while  in  the  latter  case  the  segment  is  a finite  plastic  region 
in  vrhlch  particles  move  independently  of  one  another,  since  there 
are  no  transverse  shear  forces.  For  any  configuration  the  dy- 
namical equations  can  be  written  for  the  various  segments*  These 
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will  involve  as  unknovms  the  transverse  and  angular  accelerations 
of  the  segments  in  which  |m|  <Mq  and  also  usually  coordinates  for 
the  instantaneous  positions  of  plastic  hinges  or  interfaces 
betv;99u  rigid-bar  segments  and  finite  plastic  regions.  The  dis- 
placements must  be  continuous  and  this  can  be  shovni  [l]  to  mean 
that  transverse  velocities  also  are  continuous;  transverse  ac- 
celerations however  are  generally  discontinuous  at  a moving 
plastic  hinge  or  at  a moving  rigid-plastic  interface. 

The  dynamical  equations  together  with  suitable  (explicit 
or  implicit)  statements  of  continuity  of  transverse  velocities 
can  be  solvnd  for  any  chosen  configuration.  The  solution  is 
correct  if  and  only  if  the  bending  moment  furnished  by  the  solu- 
tion has  actually  a maximum  magnitude  less  than  in  the  in- 
terior of  every  rigid-bar  segment,  as  was  assumed.  If  this  is 
not  the  case  another  configuration  must  be  chosen  and  analyze*^ 
in  a similar  manner. 

Although  a strict  check  on  moment  magnitudes  cannot  be  made 
until  the  equations  of  motion  are  solved,  it  is  highly  desirable 
to  sketch  some  representati\  mom.ent  diagrams  for  the  rigid-bar 
segments  at  tl  start  of  the  analysis  of  a configuration.  The 
loading  on  each  of  these  segments  consists  in  part  of  knov/n  ex- 


ternal loaas  and  in  r.art  of  linearly  varying  d'Alembert 
forces  arising  from  the  linear  and  angular  accelerations  of  the 
segment.  Hence  the  shear  and  bending  moment  diagrams  can  be 
drawn  for  various  possible  conditions  and  much  information  con- 
cerning the  range  of  validity  of  a given  configuration  can  be 
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quj okly  obtained.  This  will  be  exemplified  in  the  analyses 
which  follow. 


It  is  sometimes  advantageous  to  write  the  equations  of 
impulse  = mumentum.  and  angular  Impulse  = moment  of  momentum  for 
the  whole  or  half  beam,  comprising  several  segments,  T>iese  equa- 
tions involve  velocities  rather  than  accelerations  and  hence  the 
continuity  conditions  can  be  implicitly  expressed  in  them.  In 
general  the  dynamical  equations  of  rigid  body  motion  of  individual 
segments  are  also  needed,  relating  instantaneous  external  forces 
and  moments  on  a segment  to  linear  and  angular  accelerations  of 
the  segment.  Either  impulse  - momentum  equations  or  explicit 
velocity  continuity  equations  may  be  combined  with  the  dynamical 
equations  of  tlie  rigid  bar  segments  (whenever  moving  plastic 
hinges  or  elastic-rigid  interfaces  are  concerned).  Sometimes 
the  impulse-momentum  equations  furnish  directly  the  complete 
solution  in  very  simple  form,  as  in  Case  IV  of  this  paper. 

The  solution  for  Case  I is  given  in  sufficient  detail  to 
indicate  the  analysis  which  would  be  required  under  the  most 
general  loading  conditions  and  to  make  clear  why  the  assumption 
of  blast  type  loading  (as  defined  above)  considerably  simplifies 
the  analysis.  The  treatments  of  the  other  three  cases  are  given 


iitwx  i-/ .1.  .1  j.  j.  y 


I r ^ 4*  ^ »*»  ^ 4 .3  . 

IV  j.  j i '.Ji ; r • * H*  I o 


r*f-»  ^ » r*  I r* 


r ^ 


high  magnitude,  to  blast  type  loading. 


2,  Case  I;  Simply  Supported  Beam.  Uniform  Load , 

Consider  a simply  supported  beam  of  constant  limit  moment 
and  mass  per  unit  length  m which  is  subjected  to  a load  P(t) 


I 
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uniformly  distributed  over  the  beam.  On  the  assumption  of 
"plastlc-ri3id"  behavior  of  the  beam  no  deflection  occurs  until 
tue  load  P reaches  a value  large  Bnough  to  bring  the  ma.ximum 
statical  moment  up  to  the  lim.it  moment  magnitude  Mq.  Thus  no 
deflection  occurs  until  = M . It  is  convenient 

luclA  0 

to  introduct  a dimensionless  load  param.eter  p defined  by  p.  = P-VMq. 
The  critical  value  above  which  deflections  begin  is  thus  given 

Pj  = 4.  (2) 

For  p soi.^ewhat  exceeding  4,  deformation  proceeds  with  a 
plastic  hinge  at  the  mid-point,  each  half  of  the  beam,  rotating 
as  a rigid  body,  (Fig.  2(b)),  V/riting  the  angT,ilar  velocity  and 
acceleration  of  the  left-hand  half  as  w , u (positive  clockwise) 
the  equation  of  motion  is 


(3) 


Motion  of  this  type  v.dll  continue  only  so  long  as  the  maximum 
moment  in  each  half  is  les.s  in  magnitude  than  The  .second 

critical  load  value,  above  which  the  configuration  of  Fig,  2(b) 
is  incorrect,  can  be  derived  best  by  consideration  of  the  diagrams 
for  distributed  load  q,  shear  V and  moment  M,  defined  as  in  Fig, 


r i ^ \ 
O ' 7 


mi ^ i 

1 f »f-»  t.M  'S  J ..'.  I / U 


+-V^r^ 

' i I -I . V . v'O  vy  .1  1 I c 


•?  *0.  *. » V. T ^ T no 


of  intensity  P/2^  together  with  a linearly  varying  load  pro- 
portional to  the  acceleration  at  each  point,  as  indicated  in 
Fig,  6(b)  for  the  left-hand  half  beam. 

If  m't  ca)  < P/2-t  the  diagrams  of  q , V and  M are  as  indicated 
by  the  full  curves  In  Fig,  6fc)  - 6(e),  Kov;ever  if  mtu>?/2t 


I V 


All-99 


-8- 


the  corresj-tondins  diagrams  arc  as  shov/r.  by  the  dashed  curves  in 
^igs,  6(c)  - 6(e),  In  this  case  a violation  of  the  plasticity 
condition  must  occur.  The  load  value  belox-/  which  the  con- 
figuration of  Fig,  2(b)  applies  is  thus  fotmd  by  setting 


^ 3) 


and  is  found  to  be 


■II 


= 12. 


(4) 


(5) 


For  loads  in  the  range  '‘■i-  < p.  ^ 12  the  firal  deformations 
are  easily  obtained  by  integrating  2q,  (3).  The  angular  velocity 
is 

u.  = i I - 3t  (6) 

where 


I(t)  = i pdtc 

do 


(7) 


Deformation  contimies  until  the  relative  angular  velocity  at  ■flie 
plastic  hinge  is  reduced  to  zero.  This  occurs  at  a time  t^  such 


that 


t = i I - i 
4 = 4 


ptf 


0 


p (t  )dt. 


(8) 


The  final  angle  of  the  middle  line  of  the  beam  and  final  cen- 


X d j.  u r-  j I.  t-r o J ' i ^ ^ 


t \r  » I > V 


o3 

m-v 


-i  O 


(9) 


For  loads  such  that  p > 12,  the  plastic  hinge  spreads  so 
that  there  is  a central  finite  plastic  zone  betv;een  two  segments 
of  length  which  rotate  as  rigid  bars  and  simultaneously  decrease 
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in  length  as  the  load  increases,  Fig,  2(c),  The  rate  of  spread- 
ing of  the  plastic  cone  is  just  sufficient  to  prevent  a violation 
of  the  plastic  condition,  and  hence  is  governed  by 


q 


(10) 


where  the  angular  acceleration  u is  now  determined  by  the  equation 
of  motion  of  the  rotating  rigid  segment  of  length  This  is 


1 

■3 


2l  2 


(11) 


Combining  Eqs,  (10)  and  (11)  v;a  obtain 

- 12  = 0 

) ,/rr  m^^  • 3/2 

14/3  w = . 

”0 

Tlie  above  result  holds  only  while  the  load  is  being  steadll;,' 
increased  from  zero.  In  addition  to  the  requirements  of  equilib- 
rium and  of  the  limit  moment  condition  it  is  also  necessary  to 
satisfy  the  requirements  oi  geometrical  compatibility;  the  dis- 
placement and  velocity  must  be  continuous  functions.  At  a cross- 
section  where  a localized  plastic  hln^- exists  or  where  a finite 
plastic  zone  joins  a segment  accelere+'ing  as  a rigid  body  It  can 
be  shown  [ 1 ] that  the  transverse  accelerations  are  generally  dis- 
continuous, the  amount  of  the  jump  being  related  to  the  speed  of 
the  moving  hinge  or  interface  and  the  angular  velocities,  as 
follows : 

y(x“)  - y(x^)  = -:^^[&(xj^)  - ] (14) 


(12) 

(13) 


where  Is  the  coordinate  of  the  hinge  or  plastic-rigid  inter- 
face and  is  the  time  derivative  of  Xj^;  ^(x^)  - ^(^)  is  the 
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differenoe  between  ang-alar  velocities  of  segments  just  to  the 
left  and  just  to  the  right,  respectively,  of  the  hinge  or  inter- 

tt  _ • • + 

face;  and  " y^^^  corresponding  difference  in  accel- 

eration. The  quantities  x,  y,  6 are  chosen  so  that  Q - ^y/dx. 

In  the  present  case  continuity  of  velocities  at  the  moving 
interface  is  easily  shown  to  be  preserved  while  the  load 

is  steadily  increasing  so  that  the  interface  moves  only  in  one 
direction.  In  fact,  according  to  the  above  analysis  the  dif- 
ference in  both  accelerations  and  angular  velocities  across  the 

# 

interface  is  zero  v;ith  C and  oj  given  by  Eqs.  (12)  and  (13)?  clear- 
ly the  jump  condicicn  (l4)  is  satisfied  in  these  coiiditions.  How- 
ever, suppose  the  load  reaches  a iritiximujii  and  decreases.  If  Eqs, 
(12)  and  (13)  are  used  to  compute  K and  u>  it  v;ill  be  found  that 
while  the  jump  in  accelerations  is  zero  that  in  angular  velocities 
in  general  does  not  vanish,  so  that  “he  jump  condition  (14)  is 
violated.  In  this  case  Eq,  (12)  must  be  replaced  by  the  following 
inequality; 

- 12  ^ 0 (15) 

To  complete  the  analysis  we  must  use  an  alternative  equation  which 
expresses  continuity  of  velocity  at  the  moving  plastic-rigid  junc- 


4-  -i 

W .A.  WA4  • 

The  most  convenient  method  in  this  problem  seehis  to  be  to 
combine  the  velocity  continuity  condition  and  the  dynamical  re- 
quirements by  v^riting  the  equation  of  moment  of  momentum  of  the 
half-beam  vrith  respect  to  an  axis  at  the  support  point,  x = 0, 
This  equation  is 
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^ p p • 

-r^  dt  - M (t  - t,.)  - \ myx  dx 
^ I llO 


(16) 


v/here  tj  is  the  tlir.o  corresponding  to  the  load  p,j  ^ which  the 
deforniatioji  begins;  for  later  times  the  moment  at  the  mid-point 
is  constant  at  \mtil  the  deformation  ceases.  In  evaluating 
the  right-hand  side  of  Eq,  (16)  vre  have  y = ux  for  x ^ Hence 

Eq,  (l6)  can  be  v/i'itten 


X 1 - 


. "3  -3 

la  x-  u)c. 


^Idt  - u - t_)  = — > jf  yx  dx= 

Jtj  I ^ '■‘ojr^ 


(17) 


For  arbitrary  shapes  of  force  pulse  the  last  term  In  Eq, 
(17)  must  be  evaluated  by  considering  the  history  of  each  particle 
which  at  any  given  time  is  in  tlie  plastic  zone.  This  can  be  done 
since  Eqs,  (12)  and  (13)  apply  while  the  load  is  increasing,  and 
the  acceleration  of  any  particle  v/hile  it  is  in  the  plastic  zone 
is  equal  to  P/(2'?m),  Thus  the  velocity  of  each  particle  in  the 
region  < x < t can  be  derived  and  Eqs,  (17)  and  (11)  can  be 
integrated;  in  general  a step-by-step  numerical  procedure  will 
be  needed. 

It  can  now  be  seen  that  the  numerical  analysis  is  greatly 
simplified  if  the  load-time  function  is  such  that  the  interface 

• . • • -*  ^ - n . ..  4-  J ^ — -f  « vs.  V-  V.  ..  3 ? .V.  - • 

I'X^XU.  CtiAU  pXdSoxC  J.  cr  ^ X X w>  C«.J.VVC4J^O  i:*wvc«0  W 0.1.  » 


with  2 Then  we  can  write 

) = J*  jI;;  at 

We  also  have-  tj  = 0,  and  find  that  Eq,  (17)  reduces  to 

1 >-2  A4-  4-  /nvt^s  1 3 

c ■’  Jo  V’  3 • 


(13) 


(19) 


s 
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After  different.i.ction  of  ICr , (19)  and  combination  with  Eq,  (11) 
we  obtain  results  (in  terms  of  I(t)  = \ jidt)  as  follows; 

Jo 


_ 12t 


(142)2,2  . ll 

V \ t / '^  \ rk 


(20) 


(21) 


Ilov/  v;e  must  investigate  the  conditions  of  loading  such  that 
^20,  and  verify  that  the  plasticity  condition  (15)  remains  satis- 


fied, First  v;c  find  by  differentiating  Eq,  (20)  that 

21  I = ^(1  - ^), 


(22) 


This  shows  that  t _>  0 if  the  load  is  of  the  "blast  type"  defined 
above  by  Eq,  (1),  Combining  (22)  with  (20)  we  obtain 


- 12  = - 


Hence  in  viev/  of  Eq,  (22)  the  necessary  inequality  (15)  is  always 
satisfied  v/hen  the  loading  is  of  this  general  type. 

The  initial  position  of  the  rigid-plastic  interface  can 
be  obtained  from  Eq,  (20)  by  examining  the  limit  of  the  quotient 


at  t = 0,  and  ^(0)  = E,^  is  found  to  be  given  by 


(24) 


as  would  De  expecceci  xrom  Lite  uxscussxuxi  xeauxiig  ou 

The  formulas  (20)  and  (21)  apply,  of  course,  only  v/hile 
the  plastic  region  exists,  i.e,,  until  the  time  when  ^ = 1, 


where 


- is  - 

- — - — ' ji  dt. 


12  " 12l  • 

Jo 


(25) 


r 


All-99 


-13" 


The  corresponding  angular  velocity  u is  given  by 

s 


2L 

M 


3 


= - lo. 


( ^ 
V C- W / 


The  mid-point  displacement  6 at  this  instant  is  readily  found 
by  integrating  the  hnown  acceleration  P/2-?m  to  be 


m-C" 

Mo 


6 = i I dt. 

^ 2 


(27) 


In  the  final  stage  of  the  motion  there  is  a hinge  at  the 
mid-point  only,  as  in  Fig.  2(b).  The  angular  velocity  of  the 
half-beam  is  given  by  Eq,  (19)  after  setting  ^ = 1,  i.e,  by  Eq, 
(6).  The  plastic  deformation  is  completed  at  the  time  t^  such 
that  w (tj.)  = 0:  thus 

(28) 


t = — I 
4 -^f 


and  we  can  express  the  final  displacement  6^  of  the  mid-point  as 

V 2 


SL^  6^  = r 


t _ o t 

I dt  + 

0 Jt 


^ I dt  - a[d  - i F ] (29) 

32  1 9 s 


The  final  shape  of  the  beam  is  indicated  in  Fig.  2(d),  A 
discontinuity  in  the  slope  angle  appears  at  the  mid-point  (and 
under  rectangular  load  pulses  also  at  ^q^).  The  final  central 
angle  is  obtained  by  integrating  ho.  m the  time  interval 


tg  to  t^*: 


^ 0 ^ ^ I(t)dt  - |(tj.  - t^). 

Mq  4Jt.  2 1 s 


(30) 


The  final  angle  9_„  at  the  support  is  equal  to  0 . plus  the  value 

ii  oi 

attained  in  the  time  interval  0 to  tg,  which  is  readily  computed 
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by  means  of  Eq . (21),  V/e  have 


9 


. 1/2 


If 


(1:1)- " dt  + 0 


K 


0 


o 


of* 


(31) 


The  change  of  curvature  of  an  element  of  length  dx  at  any 
point  in  the  zone  vdicre  plaotic  yielding  has  taken  place  occurs 
only  in  the  small  increment  of  time  dt  during  wliich  the  interface 
between  rigid  and  plastic  material  is  traversing  it,  Fence  if 
the  interface  is  at  at  a given  instant  the  permanent  curvature 
acquired  by  an  element  of  length  dx  = ^ d't  at  this  position  is 


1 ^ ik  = 

-t  d f;  dx 


By  use  of  Eos.  (20)  - (22)  v/e  can  express  the  curvature  as 


(32) 


d9  _ 


rn- 


= f(0. 


(33) 


12  - ^Jl^2 

Here  the  right-hand  side  is  to  be  regarded  as  a function  of  ^ 
rather  than  of  time,  since  the  ^ - t relation  is  given  implicitly 
by  Eq,  (20),  An  Integration  with  respect  to  t,  between  limits 
and  1 yields  the  angle  difference  - 9^^,  and  can  be  used  as 
a check,  A second  integration  v/ould  lead  to  deflection  values 


It  should  be  emphasized  that  both  Eqs,  (32)  and  (33)  hold 
only  under  loading  conditions  such  that  ^ > 0,  If  p is  constant 
(non-zero)  ^ has  the  constant  value  furnished  by  Eq,  (2U-), 
and  the  curvature  is  infinite,  as  is  usual  at  a stationary  plas- 
tic hinge  or  rigid-plastic  interface. 
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To  illustrate  typical  results  we  nov;  give  formulas  for 
deformations  for  the  case  of  a rectangular  load  pulse  with  ampli- 
tude and  duration  time  i'.  Results  lor  this  and  for  two  otiier 
shapes  of  load  c’lrve  are  shown  graphically  in  Figs,  7-9,  where 
dimensionless  deformations  are  plotted  in  a way  which  makes  the 
results  quite  insensitive  to  the  shape  of  the  lead-time  curve, 
as  discussed  later. 

For  the  rectangular  load  pulse  we  have 


0 < 


t > X 


< T 


T?-.  « ^OC\  /'oO'\  ..J  _ T J 

iiC  c;  / * \ C-  ,•  / CHiU  Jr-i-C-iu 


t = — u t; 

s 12  ^ ’ 


I(t)  = p.^t 

l(t)  = jj.  = constant, 
o 


h = k V- 


(3‘:a) 

(3^b) 

(35) 


For  low  loads  < 4)  no  appreciable  permanent  deformation  takes 
place.  For  medium  loads  (4  ^ p < 12)  we  use  Eqs,  (7)  - (9)  and 
obtain 

_ P3  _ o2  ^ o 

(36) 


Sii-  Q„  = 6 = -L  p (p  _ l+)x^, 

^ Mo  f 32  ^o 


For  high  loads  (p  > 12)  we  use  Eqs.  (29)  - (33)  and  find 

o 


M 

o 


u 

8 


of 


(37a) 


(37b) 


MoX 


r-?  ^f 


= li  - 3) 


(37c) 


The  final  curvature  is  found  by  inserting  p=0,  I=pxin 

0 

Eq.  (33),  and  thus  the  change  in  angle  A 9 across  the  segment 


i 
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from  -t  is  given  by 


- AO  = 


i?  dj;  = (1  - i;  ). 

Ji  I*'  ^ ' ^r\  ' • 


(3?d) 


This  angle  change  AO  plus  the  angle  of  rotation  0 which  occurs 

at  the  rigid-plastic  interface  diiring  the  tin'e  t while  the  loc-.d 

is  applied  should  equal  the  angle  difference  0^^.  - 0^^  as  given 

by  Eqs.  (^7).  Taking  -■  12/u  we  have 

o o 


p 2 


(1 . M) . -u  r t.  dt . 4?  - ^ 

Po  ° 12  8 '*0 


This  checks  with  the  result  obtained  by  subtracting  Eq.  (37a) 
from  Eq.  (37b). 

A rather  curious  result  is  that  the  final  angle  0 _ of  the 

of 

tangent  line  at  the  mid-point  is  not  a continuous  function  of 
the  load  amplitude  at  the  value  = 12,  By  Eq,  (36)  we  have 


(ji^  = 12-0): 


Q - 3 
of  32 


X 12  X 8 - 9. 


Using  Eq,  (37a),  however,  we  find 


(^  = 12  t 0): 

o 


- © ^23^  = 6 

2 ^Of  24 


It  is  readily  verified  that  the  angle  0^^  and  the  central  deflec- 
tion 6^  are  continuous  at  = 12,  The  explanation  for  the  abrupt 
decrease  in  at  this  value  lies  in  the  fact  tiiat  for  any  load 
such  that  a exceeds  12,  hoi/ever  slightly,  there  is  a segment  of 

vj 

length  2(1  - f )^at  the  middle  of  the  beam  v/hich  remains  straight 
o 

and  undeformed  during  the  time  interval  0 to  t„.  For  u <12,  on 

0 o ^ 


I 
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the  other  hand,  tie  angle  of  tlie  tangent  at  the  mid-point  in- 
creases steadily  during  the  whole  of  the  time  interval  0 to  t^p. 
The  discontinuity  affects  only  a line  segment  of  infinitesimal 
length,  and  the  overall  deformation  is,  in  fact,  a continuous 
function  of  jo.^,  as  s>iovmi  by  the  smooth  rise  of  0^^  and  6^, 

The  energy  absorbed  in  plastic  deformations  is  of  interest. 
For  medium  loads  (u  < 12)  this  is  the  work  done  by  the  lim.it 
moment  at  the  central  plastic  hinge  and  hence  is 


„ _ p.,  0 - r ^=‘0  ^1=0  1 2 


(33a) 


V>nrfV>  fit  V “?ON 


y ^ i , ,4  7)  ,V  •i*  ^ ^ V J 4A  '«/  4 i 


in  the  regions  of  continuous  plastic  deformation  from  ^ to  ^ , 
and  at  the  stationary  plastic-rigid  interfaces  at  Thus  v;e 

have  in  this  case 


Hence 


E.  = 2M  [©  + A©  t 9,_]  = 

f O 01  t<  0 If 


(30b) 


The  wo-^k  done  in  plastic  deformation  according  to  Eqs,  (38)  is 

P 

a Gont.  luous  function  of  p.^,  as  expe''ted. 

In  P’igs.  7-9  curves  are  drawr.  for  the  central  deflection 


6^,  the  central  angle  ©^^^  and  the  outer  angle  9^^  for  the  three 

load  types  indicated  in  tiio  figures,  i.e.,  rectangular,  triangular, 

and  exponential.  In  all  cases  the  dimensionless  deflections 

23  3 

ini .»  ITl'b r\  « « .3  TT m i_ 


’2  PI  of’ 


M ■ M 

00  00 


and  ■ '-gy  9^^  are  plotted.  Here  T is  de- 
ll If  0 

c o 


fined  as  the  time  such  that  the  product  of  T_  and  the  peak  load 

o 
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is  equal  to  the  total  impulse^  i.e.,  so  that 

Hco 

= \ ^idt  (39) 

° Jo 

where  is  the  peak  load  value  in  each  case.  Thus  = t for 

the  rectanr^ular  pulse  of  duration  t,  while  for  the  triangi^l.ar 

pulse  of  duration  t the  impulse  is  ^ t:  and  T = 1 t.  For  an 

^ 2^  o o 2 

exponential  pulse  defined  by  u = u the  total  imoulse  ism^ 

so  that  is  equal  to  t , the  tirre  for  the  load  to  decrease  from 
^o  to  p^/e. 

The  curves  for  these  dimensionless  variables  pDotted  as 
functions  of  maximum  load  are  found  to  lie  quite  close  together, 
indicating  that  the  total  impulse  PqT^  and  maximum  load  mainly 
determine  the  final  def orm.ations , the  precise  shape  of  the  load- 
time relation  being  relatively/  unim.portant.  Thus  for  a simply 
supported  beam  one  can  take  the  results  for  the  rectangu.lar  pulse 
form  as  good  estimates  of  the  corresponding  results  for  a force 
pulse  of  arbitrary  shape,  pro/ided  the  peak  lead  = Pjnax'^^^'^o 

is  used  in  the  formr.las  and  t is  replaced  bv  the  time  T^  such 

P 00 

that  PqT^  is  the  total  impulse  ^ pdt.  This  will  furnish  ar- 
es timate  v.’hich  will  generally  be  too  high.  The  comparison  of 
various  force  pulses  acting  on  a free-free  beam  (reference  [2]) 
led  to  the  sam.e  conclusions  as  those  stated  above, 

Signlcant  quantities  expressing  deformations  due  to  rect- 
angular load  pulses  are  plotted  in  Figs,  10-13  for  the  four  cases 
of  loading  and  support  considered  in  this  paper. 


m Cana  II ' ^ Bu~i.lt -In  Eean  with  Un.lform  Pressure  Loading 

The  abova  analyrin  can  be  extenderi  with  only  mi.nor  modifi- 
cations to  a bear  with  both  ends  fixed  under  uniformly  distributed 
load,  Fi'^,  3(a)  )•  Deformations  begin  in  this  case  when  the  end 
moments  as  v/ell  as  the  moment  at  the  mid-point  reach  the  magnitude 


hence  the  first  critical  load  is 

= 8. 


(^^3) 


For  medium  loads  plastic  liinges  are  present  at  both  ends  and  mid- 
point,  and  the  angular  acceleration  w of  the  half-beam  is  given  by 


„n3  - 

ui  - **  8)  , 


(bl'-) 


1-1, 


An  argument  analogous  to  that  of  Section  2 leads  to  the  result 
that  a widening  of  the  central  l~inge  into  a finite  plastic  zone 
nrnst  begin  vfnen  the  load  reaches  t>ie  second  critical  value 


where 


'II 


= 24. 


(45) 


Thus  the  deflections  for  loads  in  the  range  8 ^ p,  ^ 24  can  be 
written  as 


P 3 ^ "5 


ptf 

,!  „ I 


” 'j 


where 


- I If.  = i 1‘  ^ ^idt. 

^ d 0 


(46) 


(47) 


The  analysis  for  loads  with  p,  > 24  is  based  on  the  following 


momentum  and  cicceleration  equations,  respectively 
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j't  p } O'?/  • 

1 ~ I 

irtj  (;C 

*^p3  . o 1 ,p 
iiii:-  . 6. 

M M- 

“0 


i^-Q) 


(49) 


The  above  replace  Eqs.  (16)  and  (1]),  respectively.  In  Eq,  (^>-8) 
tj  is  the  tiiie  at  v/hich  p.  reaches  the  value  p.j  = 8,  If  we  again 
consider  "blast  type"  loading  (satisfying  Eq.  (1))  we  arrive 
at  the  follov/ing  results  corresponding  to  those  of  Section  2: 


^‘0  ’ 

= i dl  - 6t 

(50) 

^ ^ 2Vt^ 

r 2 ?h 

^ X 

I 

^ 0 ' ^0 

-N 

^ y±) 

(S-£  u 
Mo 

)2  = 

96t 

(52) 

h 

- X I 
24  s* 

(53) 

In  the  last  phase  of  the  motion,  with  hinges  again  only  at  mid- 
point and  ends , we  have 

pti  ,^=  ^ I - 6t.  {^-t) 


Thus  the  deforination  is  completed  at  the  time  t^  v;here 


^f  " H 

The  final  doforroations  for  loads  in  the  range 
by  the  follovring  formulas: 


(55) 

jjL^  2 24  are  given 


I dt  - 3(t^  - t^) 
f s 


( 56: 


All-99 


-21- 


Q 

M- 


it 


_ J. 

4/s  )o  't 


^£,1/2 


dt  + - — 


oi 


( 56b) 


,2 


m-t  t _ _ 

KT  ^ 2 I 

o 


1 . 


0 


I dt  + ^ I dt  - - T I?)  (56c) 


4- 


64  f 9 s 


dO 


H d^  24  - 


( 56d) 


For  tMs  case  the  erergy  absorbed  in  plListic  deformation 


is  given  by 


% = 


(57) 


Deformations  and  Ep  for  rectangular  force  pulses  are  plotted  in 
Figs.  10-13  in  non-di.menslonal  form. 


4,  Case  III;  Cimply-Supuorted  Eeam  with  Concentrated  Load 

In  this  and  tlie  following  section  we  outline  the  solutions 
for  'he  plastic  deformations  of  a simply  supported  beam  and  of  a 
flxed-ended  bea.m,  respectively,  loaded  by  a concentrated  force  P 
at  the  mid-poiat.  These  analyses  turn  out  to  be  surprisingly 
different  from  each  other,  as  vrell  as  from  that  fo;md  appropriate 
for  cases  I and  II. 

For  the  simply  supported  beam  (Fig.  4(a))  the  deformation 


V/V’OP  1 n>»  r:’' Tf’PJ  j i» 


T.OA.'  < r*  • t 

f-  ^ -/  s' 0 ri  c ri^  c T r? ^ 1 1 r ^ u 


value  [A j , v’here 


Pjb 


= 2 


cr.LUicax 


(58) 


For  p.  not  too  greatly  exceeding  2 deformation  proceeds  as  in 
Fig,  4(b)  with  a plastic  hinge  at  the  mid-point.  This  configura- 
tion must  be  replaced  by  that  of  Fig.  4(c)  when  p exceeds  the 
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second  critICDl  value  Utt  where 

X i 


j - l8.  ( 59) 

This  second  critical  value  is  found  by  set  ling  the  minimurn  moment 
in  the  half-beam  equal  to  -Mq  and  solving  the  resulting  cubic 
equation  in  q.  For  loads  with  > 13  plastic  hinges  occur  at 
cross-sections  i,!  from  the  mid-point  and  the  motion  of  these  hinges 
must  be  investigated.  With  still  larger  loads  in  certain  circum- 
stances the  configuration  of  Fig.  4(c)  must  be  replaced  by  another 
in  which  the  latei-al  hinges  are  spread  into  finite  plastic  regions, 
iiowever  it  can  no  sho’.m  that  with  the  Hast  type  of  loading  de- 
fined by  So,  1 this  type  of  deformation  docs  not  occur. 

Loads  in  the  medium  range  2 < pL  < iC  produce  an  angular 
velocity  u;  of  the  left  half-team  (Fig.  4(b))  given  by 


m''3  a (u 

w = r 

M 


2 i- 


|i  dt  - 3(t  - tj) 


(60) 


where  tj  is  the  time  vrhen  the  central  hinge  appears,  correspond- 
ing to  Thus  for  loads  of  arbitrary  pulse  form  with  maximum 

between  2 and  18  the  final  deformations  arc 


M 


Q = iii-k-  & = -i 


M, 


where 


'f  = 2 


nt 


I^(t)  = I p dt 


(61) 


(62a) 


t = — I 


and 


(62b) 
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Ths  deformations  cansed  'by  higher  loads  ( u.  > 18)  are 

o 

governed  by  the  dynamical  equations  of  the  two  segments  of  length 
^41.  and  (1-  respect Wely,  together  with  the  continuity  condition 

t • 

at  the  hinge  section.  The  angular  accelerations  obey 


the  following  equations: 


TTit^  * = ^ 

^‘o  '^2  “ ^3 


(63a) 


ITH..  . 


^ = 


(1-0^ 


(63b) 


The  general  equation  (14)  for  the  discontinuities  at  a moving 
hinge  in  this  case  yields  the  equation 


a + 


(i-0‘ 


^Cu)^  - 


f61f) 


The  angular  velocities  and  are  defined  as  positive  clocln^dse 

in  the  left  half  beam.  Differentiation  of  Eq,  (64-)  and  substi- 

# • 

tutlon  of  the  formulas  for  the  angular  accelerations  Uj,:  If^adis 
to  the  follov/ing  equation  for  the  hinge  coordinate  ^ 


+ £J£5i  + li]  = 0 


rru  , 4.  - -O 1 _ rf li + XlEidi  + H. 

-a-O^  ^2  t 


(65) 


This  equation  can  be  Integrated  in  analytic  form  if  the 
load  is  a rcctangul-ir  pulse.  Then  Eqs,  (64)  and  (65)  are  satis- 
fied during  the  pulse  duration  time  x with  C = constant  = 6 


where 


(66a) 


For  time  t > x v;ith  ^ = ^A  = 0 Eq,  (65)  reduces  to 


I 

I 
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r r — 


(1-  0"  ^ 


(1-^  )- 


- 0 


//■/'<.  V 

VDOD,) 


The  solution  of  this  equetion  can  be  found  by  standard  methods. 


A first  integration  yields  the  result 


C dt  1-r 

-> 

where  C is  a constant,  Intc.^^ratinj  again  v;e  obtain 

(t-m)C  =[.  ^ ^ tan  4?-  ^ 

2 2n  (n+C)2  n n/3  ^ = 

v;here  n = 4^^^  and  is  the  constant  desired  by  Eq.  (66a’), 


The  constant  C is  to  be  determined  from  tlie  fol‘'ov7ing  equation: 

3(2-3?o)^^- 

C - —.5 i-'i (6?) 


where  u)^(m)  are  the  angular  velocities  at  t = •■!:  and 

are  obtained  in  an  obvious  marjier  from  Eqs.  (63),  the  accelera- 
tions being  constant  for  t < x. 

For  other  tham  rectangular  force  pulses  Eq,  (65)  is  not 
easily  integrable.  It  is  found  (as  in  the  similar  analysis 
described  in  [ 2])  that  a more  convenient  basis  for  num.erical 
integration  is  afforded  by  the  equation  of  moment  of  momentum 
of  the  half-beam  v;ith  respect  to  an  axis  at  the  support.  This 
equation  here  takes  the  form 

3l  p.dt  - 6(t  - t.)  = ^ [(u) -U)  )(3i;^-{;^)  + (70) 

O 1 -L 


All-99 


where  i?  the  tine  at  which  the  central  hln^e  first  appears^ 
corresponding'^  to  = 2*  Thus  t^  = C for  fcrce  pulses  of  the 
blast  loading  typos  we  are  considering.  The  step-by-step  numeri- 
cal solution  of  Eq.  (70)  is  carried  out  in  the  manner  described 
in  detail  in  [2],  The  left-hand  side  is  first  evaluated  at  a 
sequence  of  tines.  Then  by  trial  and  error  the  value  of  ^ at 

each  step  is  found  such  ti'jat  when  lo  and  u)  _ are  computed  by 

o f 

applying  Simpson’s  rule  (or  an  equivalent  integration  formula) 
to  the  accelerations  furnished  by  Eqs.  (63),  Eq . (70)  is  satis- 
fied to  the  required  accv:racy„ 

The  circu“’stances  in  v/hlch  a new  configuration  appears 
with  a finite  plastic  region  in  the  interior  of  each  half-beam 
can  be  found  by  studying  the  bending  moment  diagram  for  the  inner 
segment  of  length  It  is  necessary  that  d^M/dx^  > 0 at  the 

travelling  hinge  section;  otherwise  a moment  less  (algebraically) 
than  would  occur  in  the  interior  of  the  segment.  Hence  vie 
must  have  - 12  < 0 if  the  configuration  of  Fig.  (4c)  is  to 
be  valid.  An  inspection  of  Eq,  (64)  shows  that  this  Inequality 
is  always  satisfied  for  a rectangular  load  pulse  or  for  a steadily 
decreasing  load,  in  which  case  6 > 0.  oj  > . 

0 a. 

Curves  showing  the  final  deformations  (mid-point  deflection 
6^,  central  angle  and  angle  at  the  support)  and  the  plastic 
work  Ep  are  shown  in  'igs,  10-13  for  rectangular  force  pulses. 

The  plastic  work  Ep  is  given  by 

" '«of  - 


(71) 
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5.  Case  IV t Built-In  Beam  with  Concentrated  Load 

A beam  ends  Initially  fixed  as  in  Fig,  5(a)  undergoes 

no  deformation  (according  to  the  plastic-rigid  hypothesis)  under 
concentrated  central  loading  if  the  load  is  less  than  Pj  = 

Thus  the  first  critical  value  of  the  load  parameter  p.  = is 

y.j  = ^ (72) 

When  p,  slightly  exceeds  ’*f  the  beam  deforms  as  indicated 
in  Fig,  5(b)  with  plastic  hinges  at  mid-point  and  ends,  the  two 
halves  rotating  as  rigid  bodies.  This  simple  configuration  must 
be  replaced  by  another  when  the  load  reaches  a sufficiently  high 
value.  The  need  for  a new  configuration  becomes  evident  when  the 
moment  diagrams  of  the  left  half -beam  are  sketched,  as  for  Case  I, 
These  show  that  a violation  of  the  plasticity  condition  would 
first  occur  near  the  end  support  and  that  the  critical  load  value 
is  that  which  corresponds  to  the  vanishing  of  the  reaction  force 
at  the  support.  The  reaction  force  R in  this  phase  is  given  by 
the  formula 


M = 3 . t 


(73) 


and  hence  the  second  critical  value  |Xjj  has  the  value 


4 II  '■  V Vm  ) 

For  loads  in  the  medium  range  such  that  4 < n < 12  the 
angular  velocity  w of  the  half -beam  is  given  by  the  formula 


and  the  final  deformations  may  be  computed  from  the  general  equa- 


tions 
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o 

where 


P^f  2 

i,(t)dt  - (76) 

is  the  tiire  at  which  the  motion  begins, 


and  tf  is  found  by  setting  t = t^.,  u = 0 in  Eq.  75. 

t'.^.en  the  Dead  exceeds  a value  corresponding  to  = 12 
a new  configixration  of  the  type  shown  in  Fig,  5(c)  appears,  the 
ha]  f-beam  again  comprising  two  segments  v/1  th  different  types  of 
motion.  The  inner  segment,  of  length  , has  moment  varying 
from  -Mq  to  while  the  outer  segment  has  the  constant 

moment  -Mq  throughout  its  length.  Hence  the  injeer  segment  rotates 
as  a rigid  body  witii  angular  velocity  w,  while  each  particle  of 
the  outer  segment  moves  v/ith  constant  velocity,  since  there  are  no 
shear  forces  or  external  loads.  Thus  the  outer  segment  is  a 
plastic  region  of  finite  length. 

We  now  restrict  consideration  to  loads  of  blast  type  as 
defined  by  Rq,  1,  Assuming  that  the  initial  load  value  is  such 
that  n > 12,  the  configuration  immediately  becomes  that  sketched 
in  Rig,  5(c).  The  dependence  of  ^ on  time  can  easily  be  foiind 
by  writing  the  equations  of  linear  and  angular  momentum  for  the 
half-beam.  These  involve  as  unknown  quantities  only  the  angular 
velocity  w of  the  irjier  segment  and  which  increases  from  its 
initial  value  determined  by  the  initial  load  to  unity;  as  long  as 
a particle  is  in  a perfectly  plastic  segment  it  remains  at  rest 
since  it  had  no  initial  velocity  and  no  forces  act  on  it.  The 
equations  of  linear  impulse-momentum  and  angular  impulse  - moment 
of  momentum  (with  respect  to  the  support  point)  take  the  following 
forms,  respectively; 


I 


11 
J > 


All-99 


r 


lo 


3 jidt  - 12t  = ^2(3-0 


-28- 


(77) 


(78) 
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But  these  may  at  once  be  combined  so  as  to  eliminate  j yielding 
the  follo\ving  simple  formula  for  ^ t 

12t 


;it 


^ = — (79) 


where  1=3^  pdt*  The  initial  value  of  ^ is  thus  given  by 

Co  = ^ (80) 

where  ro  initial  value  of  the  load,  I he  angular  velocity 

is  obtained  by  putting  the  above  expression  for  ^ in  Ec.  (77);  v;e 
have 

/o.  V 

u)  = --- — (81) 
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The  formulas  (77)  - (8l)  hold  until  the  time  t = t when  K becomes 
iinity;  from  En,  (79)  tg  Is  given  by 

Ij 
12 


t_  = -^ 


(82) 


The  slope  angle  O^g  at  the  rnid-polnt  acquired  in  this  time  inter- 
val can  LhuS  be  v''^n'pU'-eu  i i’'Mn  ',ne  lo^rinu^a 


Q 

H.  OS  l4ltJo  t2 


1 f*s  I 3 


dt 


(83) 


The  central  deflection  6 at  the  instant  t 

O 


- 4- 


p may  oe 
s 


determined  from 


rot^  _ 1 j2 

p—  6 = — ^ dt 

^'o  ® 12  Jo  t 


(84) 
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The  STJ.bsequent  motion  (t  > t„)  takes  place  according  to 
the  configuration  of  Fig,  5(b)  with  ang\:lar  velocity  given  by 
Eq,  (78)  after  setting  q = 1 (or  from  E>'’ . (75)  with  t,  = 0),  as 


follows: 


§^£1  u,  = 1 i(t)  ^ 6t  ( 

M 2 

o 

the  deformation  is  completed  when  u = 0 at  a time  t = t|<  such 


(85) 


that 


t = — T 


(86) 


Hence  we  can  compute  the  final  angles  at  the  mid-point  and 
©If  at  the  support  and  the  final  central  displacement  6^  from 
the  follov/ing  formulas,  when  > 12 


— ®of  “n"  ^ ^ ^ dt  + ~ 1 ^ I dt  - 3(t^  - t-) 

of  144  ^2  2(\tg  ^ s' 


TT‘  - ru  ^ 


(S7a) 


(87b) 


^ at 


12  Jo  ^ 


• 1 1;:  ■ 


dt  - 3(tJ  - t'^)  (C7c) 

f s 


Here  t^  and  t^  are  furnished  by  Eqs,  (82)  and  (86),  respectively* 
Curves  showing  the  final  deformations  and  the  plastic  v/ork  as 
functions  of  are  presented  in  "^igs.  10-D3  for  rectangular  pulses. 
These  can  be  used  to  estimate  results  for  other  pulse  shapes  by 
substituting  Tq  for  a'  , being  defined  by  Sq,  39.  The  plastic 
work  Ep  is  here  given  by 

F,p  = 2M„9pf  (88) 


(88) 


1 
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6,_  Discussion  of  Results 

Newmark  [ 9 ] among  others  has  developed  the  approach 
in  which  a structure  is  replaced  by  a model  consisting  oD  a 
number  oT  discrete  masses  and  springs#  The  simplest  such  model 
is  the  single  mass-spring  system  oD  Fig#  it-(a)#  It  is  clearly 
important  to  know  whether  or  not  this  simple  model  can  give 
reasonable  ap oroximations  to  the  deformations  obtained  from  the 
complete  analyses  of  beam  problems  such  as  those  presented  in 
this  paper. 

Considering  only  large  plastic  deformations,  the  spring 
cj  3 5 I;;,  Q have  the  "rigid-plastic"  1 ad-def"' ection  curve  of 

B'ig.  14(b).  The  displaceme'' t of  the  hiass  ca’''.sed  by  a given 
dynamic  load  can  then  readily  be  v/orked  out  in  terms  of  the  yield 
force  of  the  spriiig.  The  various  quaitities  pertaining  to  the 
model  are  related  to  those  o " the  prototype  bean  proble  1,  the 
proper  relationships  being  obtained  easily  by  equating  kinetic 
energies  and  works  done  by  the  respective  force  systems. 

To  obtain  the  correspondence  one  must  assume  a definite 
deflection  cu-ve  for  the  beam;  for  large  plastic  deformations 
one  v/ould  assume  deflections  to  occur  with  a central  plastic 
hln'^e*  It  is  the!)  evldu-'!'.  thui  vfnen  the  model  quactiti ' £ arc 
replaced  in  the  proncr  me -mor  by  the  beam  Ciuantlties,  the  results 
will  be  correct  for  the  given  b'.  am  problem  when  the  beam  actually 
deforms  in  the  coiif iguration  assumed.  The  model  analysis  gives 
incorrect  results  when  this  configuration  differs  from  tho  actual 
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one.  Considorin(5 , for  example,  the  problem  of  the  simply-support- 
ed beam  under  unM'orm  pressure,  the  errors  in  solving  this  prob- 
lem by  means  of  a one-dimensional  model  are  precisely  those  of 
computing  deformations  from  Eqs,  (36)  for  all  p.^,  instead  of 
from  5qs.  (37)  in  the  range  > 12.  The  error  in  'che  mid-point 
deflection  6^  is  not  large,  being  less  than  10  percent  for 
less  than  50,  However,  the  central  angle  predicted  by  the 
one-dimensional  model  is  roughly  double  the  value  determined  by 
the  correct  rigid-plastic  analysis.  This  angle  would  appear  to 
he  important  as  a measure  of  the  likelihood  of  rupture,  but  in- 
formation from  experiments  is  needed  to  clarify  this  point - 

It  should  be  noted  that  an  analysis  based  on  a single  ''■'•i.nye 
configuration  does  not  necessarily  give  an  over-estimate  of  any 
deformation.  In  cases  III  and  IV  of  this  paper  the  single  hinge 
analysis  leads  to  values  of  central  angle  and  deflection  which  ere 
too  low.  These  serve  as  counter  examples  against  the  general 
applicability  of  an  assertion  made  in  [ 4 ] to  the  effect  that  a 
plastic  rigid  analysis  based  on  a single  hinge  model  always 
yields  an  upper  bound  for  the  associated  deformations. 

The  validity  of  the  present  results,  as  far  as  the  neglect 
of  elastic  deformations  is  concerned,  depends  on  how  much  the  work 
done  in  plastic  deformation  exceeds  the  maximum  possible  wholly 
elastic  strain  energy  that  cati  be  stored  in  the  beam.  This 


criterion  can  be  put  in  the  form 


a-2 


( 
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where  T Js  the  fundamental  period  of  vibration  of  the  elastic 
beam.  The  f'unction  of  on  the  left-hand  side  of  the  in- 
equality is  the  dimensionless  "plastic  work"  plotted  in  Fig, 

13,  the  curves  of  which  can  be  used  according  to  the  above  in- 
equality to  estimate  the  probable  range  of  or  of  v required 
in  order  for  the  present  results  to  hold.  For  ncn-rectangular 
force  pulses  the  equivalent  time  (defined  by  Eq,  38)  should 
replace  t.  Even  when  the  above  criterion  is  satisfied,  the 
rigid-plastic  analysis  will  not  give  the  time  history  of  the 

the  predictions  of  final  deformations.  A brief  discussion  of 
some  other  sources  01  error  is  given  in  [8], 
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